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ABSTRACT: Markov chains and Markov decision process models are very powerful ap-
proaches to simulate or optimizing forest systems under risk.  The method consists first in 
transforming the initial system, possibly represented with a complex stochastic simulator, in 
a table of transition probabilities, as in a Markov chain, and then bringing the power of opti-
mization to this simplified model. Markov chain models are tables of probabilities signifying 
the chances that a particular system changes from one state to another within a specified 
amount of time.   They have wide and effective applications in forestry.  Even the simplest 
results of Markov chains can give insights on forest growth dynamics.  In particular, they can 
help predict the effects of natural or human disturbances on forest landscapes.  They can 
also be used to project the evolution of a forest stand over time, through specific succession 
phases.  The results of Markov chain theory, such as mean recurrence time and mean resi-
dence time help clarify the dynamics of forest stands, and its consequences for landscape 
diversity.   Markov chains are also useful to predict the effects of management policies under 
risk, for both economic and ecological criteria. Markov decision process models introduce 
decision making in forest systems that evolve according to a Markov chain.  A policy is a rule 
that specifies a decision fore each stand state.  Mathematical programming can be used here 
to optimize the present value of expected returns from a stand state over an infinite horizon.  
Decisions that maximize a long-term expected value criterion, such as the long-term ex-
pected biodiversity of a stand, or the long-term expected periodic income, can also be found. 
We report on an application of these methods to the mixed loblolly pine (Pinus taeda L.) and 
hardwood forests in the southern United States. The results showed that natural catastrophes 
enhanced the diversity of the landscape, but impaired the tree diversity. Following current 
management would generate high landscape diversity, but low timber productivity. A highly 
diverse landscape could be maintained while keeping the tree diversity near the achievable 
maximum. But managing to maximize tree size diversity or species diversity would much 
decrease landscape diversity. The opportunity cost of preserving a highly diverse landscape 
was high in terms of foregone timber production. 
KEYWORDS: Markov chain, decision making,  decision process, landscape management, 
diversity, risk, catastrophe 

INTRODUCTION
The present study explored Markov decision process models (MDP) to manage for diversity of lands-

cape, with consideration for other ecological and economic objectives. MDP models are very effective in 
formulating and solving forest management problem with uncertainties (Lembersky and Johnson, 1975; 
Rollin et al., 2005). 

 With the MDP approach, the landscape diversity was measured from the probability distribution of 
stand states.  We then optimized the landscape diversity, determined a landscape with a preferred dis-
tribution of stand states and calculated the trade-off between landscape objectives, biodiversity, stand 
composition and economic returns.  

We used the mixed loblolly pine-hardwood forest of the southern United States as the case study.  
Loblolly pine is one of the most important species in this area.  It dominates a forest of about 12 million 
ha.  This forest was represented by permanent plots in Alabama, Arkansas, Louisiana, Mississippi, Ten-
nessee, and Texas (Slide 2).  
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MARKOV MODEL OF STAND GROWTH 
The stand state was defined by the basal area of trees in six classes of tree size and species: pine 

pulpwood (12.7 cm ≤ DBH < 22.99 cm), pine small sawtimber( 22.9 cm ≤ DBH < 38.1 cm), pine large sa-
wtimber (38.1 cm ≤ DBH), hardwood pulpwood (12.7 cm ≤ DBH < 27.9 cm), hardwood small sawtimber 
(27.9 cm ≤ DBH < 38.1 cm), and hardwood large sawtimber (38.1 cm ≤ DBH). For each tree class, the 
basal area was low (0) or high (1). The threshold was the mean basal area per ha on the sample plots. 
Each stand state was designated by a string of six digits such as 010110 where the first three digits stood 
for the basal area of pulpwood, small sawtimber, and large sawtimber of pines, and the last three digits 
for hardwoods. There were 64 possible stand states.

The matrix of transition probabilities between stand states, T, was obtained by simulation with a non-
linear stochastic growth model (Zhou and Buongiorno 2004):

yt+1 = G(yt)yt + Ryt + ut+1          (1),

where yt = [yijt]  is the number of live trees per hectare of size j  and species i (pines, soft hardwoods, 
hard hardwoods) in year t. G and R are matrices of parameters, and ut+1 is a vector of random shocks.

The observed shocks were the differences between the number of trees predicted by the determi-
nistic part of model (1) and the actual number of trees on the plots. We used bootstrapping, drawing 
randomly from the observed shocks with replacement. From a random initial condition, y0

t, model (1) was 
used to predict the condition of the stand in the following year, y0

t+1, and thus calculate the probability of 
transition between states.

In addition, in the region of interest, hurricanes have been the most typical and destructive natural 
catastrophes.  We estimated the probability of catastrophic hurricanes in the hurricane-prone area at 
h= 0.025 y-1. Hurricanes increased the probability that a one-hectare stand moved from state s to state 
000,000 in a year. 

A part of the stand probability transition matrix is in Table 1. There was a high probability that a stand 
would stay in the same state over one year, as reflected by the main diagonal of the matrix.  Most of the 
probabilities of moving to state 0000 were equal to 0.025, the probability of a hurricane. 

State at t1 State at t+1t+1t
000,000 000,001 000,101 … 111,101 111,110 111,111

000,000 0.797 0.027 0 … 0 0 0
000,001 0.025 0.782 0.064 … 0 0 0
000,010 0.025 0 0 … 0 0 0

… … … … … … … …
111,101 0.025 0 0 … 0.842 0 0.034
111,110 0.025 0 0 … 0 0.847 0.05
111,111 0.025 0 0 … 0 0 0.89

Table 1. Partial matrix of transition probabilities between stand states.

1 Basal area in pulpwood, small sawtimber, and large saw timber of pines (first three digits), or hardwoods (last 
three digits) 1= higher than current average, 0= lower than current average.

During the simulation we computed the expected size and species diversities for each state, as well 
as the expected volume and basal area by tree class and basal area level.  State 000,111 with the high 
basal area in hardwoods had the highest species diversity, while state 111,000 with the high basal area in 
softwoods had the lowest. Three states had the smallest size diversity: 000,000; 100,000; and 100,100, 
they all had low basal area in the small and large sawtimber. The highest size diversity occurred in states 
111,011 and 111,111, which had high basal area in most tree classes. 
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MARKOV MODEL OF PRICES

Steady state predictions 
Given the transition probabilities between stand states, T, the steady state probabilities P* were ob-

tained by solving:
P* = P* × T     (2),

where P*=[p*s] and p*s was the probability of stand state s (s=1,…,64) in the long run.  Changing T, 
for example to reflect different frequencies of natural catastrophes, led to different steady states.  This 
procedure was also used to predict the steady state that would result from continuing the current policy, 
revealed by the harvest pattern on the observed plots in the time between the last two inventories. 

According to equation (2), without catastrophe or human intervention, about 90% of the forest land 
would have stands with high basal area in large sawtimber of both pines and hardwoods (Fig. 1). The 
landscape diversity was much lower than the one observed at the last inventory.  Defining old growth as 
the most likely states in the absence of major disturbance, the frequency of old-growth in such forests 
was 83%. The old-growth forest would have very large pines and hardwoods trees, along with many 
mid-sized hardwood trees, and some young saplings of pines and hardwoods, a plausible climax state 
given the shade tolerance of hardwoods. The expected adjustment time to approach the steady state 
was 92 years, and the residence time of old-growth was the sum of the residence times of these states, 
55 years, and the average recurrence time of old-growth was 9 years. This result suggests that the old-
growth stage of a loblolly pine and hardwood forest was quite dynamic. These changes may be due to 
frequent forest fires, as fire, “a major and frequent influence affecting the developing of old-growth pine 
forests in the region of interest, is critical for maintaining pine abundance, especially on better quality 
sites” (Bragg, 2004). 

Figure 1. Distribution of stand states without hurricanes (A) and without hurricanes (B). Old forest is 
84% of the landscape in A and 29% of the landscape in B.

Hurricanes completely changed the steady state landscape. All 64 stand states were present, so that 
the landscape was much more diverse than without catastrophe. The occurrence of hurricanes reduced 
the diversity of tree size and tree species, the average basal area, and the frequency of old-growth, 
compared to the undisturbed steady state. The current landscape was even more diverse than the stea-
dy-state landscape with hurricanes, but the tree diversity and basal area were lower, and old growth was 
much less frequent. 

Decisions and management criteria
Decisions were defined as changing a stand from one state to another by harvesting at a given fre-

quency.  Thus, equation (2) gave the steady state probability of each stand state for any policy (Lin and 
Buongiorno, 1998).  
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For a large forest area, the steady state probabilities P* were also the distribution of various stand 
states that would result in the long run from pursuing a particular policy. Landscape diversity was measu-
red with Shannon’s index (Pielou 1977), based on the frequency of each state in the landscape.

Decisions also changed the size and species composition of the trees in the forest, as well as the 
basal area and the timber production per unit of land.  The diversity of tree species was also computed 
with Shannon’s index, based on the frequency of trees by species group and size class.

The  timber production due to a decision was the difference in volume between the pre-harvest and 
post-harvest state.  

The expected diversity, basal area, and volume in each stand state were obtained with the simulation 
based on model (1), simultaneously with the calculation of transition probabilities between stand states 
described above.

Predicting the effects of the current management 
The current management was represented by a decision matrix Dc =[dc(s, s’)], where [dc(s, s’)] was 

the probability that a stand in state s was cut to state s’ within a period of n years. The matrix of n-year 
transition probabilities under current management was then: 

Tc= [pc(i, j)] = Dc * T
n        (3),

which with equation (2), gave the vector of steady-state probabilities of the stand states under current 
management, Pc*. This then led to the expected species, size, landscape diversity, basal area, old-gro-
wth frequency, and harvest under current management. The expected annual harvest was assumed to 
be 1/n of the expected harvest over n years. 

Managing for landscape diversity
To maximize landscape diversity in the sense of equation (3), we noted that when decisions were 

taken into account, the probability of a stand state ps could also be written as:

ps = ∑ zsd (4),
d

where zsd was the probability of making decision d in state s.  Then, the maximum diversity was obtained sd was the probability of making decision d in state s.  Then, the maximum diversity was obtained sd
by solving the following nonlinear program:

  (5),

where p(s’|s,d) was the probability of finding a stand in state s’ at t+1 after starting in state s and making 
decision d. The first set of constraints kept the probability of each stand state constant over time (steady 
state).  The other constraints expressed the fact that the variables zsd were probabilities, thus non-ne-
gative, and adding up to unity.  

Given a solution of (4), the best policy, expressed as the probability Xsd of making decision d given 
a stand state s was:s was:s
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  (6).

Another definition of a diverse landscape had the largest minimum frequency of any state.   With this 
maxmin criterion, the problem was linear:   

    (7),

where Amin was the smallest frequency of any stand state. Thus, the theoretical maximum of Amin was 
1/64 = 1.6%. Like the theoretical maximum of Hs, it was achieved when each state occupied an equal 
fraction of the landscape.  The other constraints were as in (4).

A third way to manage landscape was to achieve a desirable distribution of stand states. This pro-
blem was formulated by goal programming:

    (8),
where Øs was the desired fraction of the landscape in state s, and Ds- and Ds+ were the deviations from 
Øs. 

In managing landscapes, especially forest conditions, old-growth in particular has become of much 
interest from the point of view of biological conservation (e.g., Zenner, 2004; Aldrich et al., 2003).  The 
management policy that would maximize the probability of old-growth or any other desirable set of states, 
Ω (equivalently maximizing the sum of  frequencies of these states in the landscape), was obtained by 
solving the following linear program: 

   (9).

Given solutions of (7), (8), or (9), the corresponding best policy was obtained with equation (6).



52  XI SSAFR - III SIAGEF - Ubatuba - De 18 a 21 de setembro de 2005

Dealing with tree diversity and forest productivity
In practice, and as recognized by the models above, landscape management is carried out by ma-

nipulating stands. These interventions affect the tree composition of the forest, and its productivity.  We 
explored these effects by taking expected diversity of tree species, size, and harvest volume, as objec-
tive functions, or constraints.  For example, the management that maximized the expected tree species 
diversity, tree size diversity, or harvest volume was obtained by solving (Manne 1960):

       (10),

where Rsd was species diversity, size diversity, or harvest volume per ha per year given stand state s 
and decision d. Model (14) was also used to measure the trade-off between these objectives and lands-
cape diversity by adding a constraint on landscape diversity:

        (11),

where HL* was a lower bound on landscape diversity. 

Expected cutting cycle, recurrence, residence and adjustment time of stand states
The interval between harvests for any policy was a random variable. For a particular policy k*, the 

expected cutting cycle, C(k*) was the expected interval between states that called for harvest. Using k*) was the expected interval between states that called for harvest. Using k p(i, 
k*) to denote the steady state probability of being in state i under policy k*, then the probability of being 
in any states that call for harvest, p(k*)  was: k*)  was: k

      (12),

where S(k*) was the set of all states that call for harvest when policy k* was followed. Then, 

    (13)

was the time needed for the stand to return to a state that calls for a harvest, given that it started from 
such a state, when policy k* was followed (Kaya and  Buongiorno, 1989).

With the steady state probability,  p(i, k*), we also derived the expected residence time of being in sta-
te i, defined as the average time that a stand remained in the same state sequentially, under policy k*: 

     (14), 

where p(i,i,k*i,i,k*i,i ) was the one-step probability that state started and remained in the same state i under 
policy k*. 

And the expected recurrence time, denoted by r(r(r s, k*), was the average time it took for a stand in a 
state s to return to the same state after exiting it, which is the inverse of  the steady-state probability of 
the state:
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     (15).

The expected adjustment time was defined as the average time it took to approach closely to steady 
state with a particular, starting from the initial stand condition. Let Pt denote the vector of stand probability 
distribution at time t, D the decision matrix and T the stand transition matrix, then, without management, 

Pt+1 = Pt × T      (16), 
and with management, 

Pt+1 = Pt × D × T     (17). 

With successive matrix multiplication (Hoel et al., 1987, pp47-49), we calculated the time it took till 
the maximum change of all the elements in P is less than 0.001 and used it as an approximation of the 
expected adjustment time. This information helped to decide whether management policy could accele-
rate the process of convergence to a desired state.  

Single management objectives
To compare management regimes, the diversity indices were expressed relative to the steady-state 

diversity in unmanaged forests with high-frequency shocks and catastrophes. 
This study shows the effects on the steady state forest of pursuing different single objectives, as well 

as the effects of continuing the current management policy. The highest landscape diversity predicted 
with model (5) was 13.2% higher than the landscape diversity achievable without management. The 
expected adjustment time to approach the steady state was 18 years, much shorter than that without ma-
nagement (45 years). Thus, management accelerated the convergence to a highly diverse landscape. 
Maximizing the smallest state frequency as in model (6) produced similar results in all respects, which 
are not shown in the tablet to save space. 

The management to maximize old-growth frequency, obtained with model (9) increase the frequency 
predicted without management by four percent, but led to a lower landscape diversity, while giving similar 
tree size and tree species diversity. 

Maximizing the diversity of tree size or stand basal area, with model (10),  had similar effects,  except 
that maximizing tree size diversity produced a much higher frequency of old growth. Both required very 
long cutting cycles, 177 and 53 years, respectively. Maximizing species diversity called for intense har-
vesting and induced low landscape diversity and basal area, and less than 2% frequency of old growth. 
The expected cutting cycle of this policy was only nine years. Maximizing sawtimber harvest gave the 
lowest landscape diversity and basal area and eliminated old growth. And it required the shortest cutting 
cycle, seven years. 

The estimated current annual harvests of sawtimber and pulpwood were 2.04 and 0.62 m3/ha, res-
pectively. This study shows the steady state probabilities of stand states if current policy was followed. 
The current policy gave diversities of landscape, species, and size that were close to those of an un-
managed forest, but there was less old-growth.  Productivity was one third the maximum that could be 
obtained, and 83% of what it would be by maximizing landscape diversity. 

Trade-off between landscape diversity and other objectives
Figure 2 shows the effects of maximizing species or size diversity with model (10) with a constraint 

on landscape diversity (11).  As the constraint on landscape diversity increased from 30% to 60% of its 
level in an unmanaged forest, the maximum achievable species and size diversity increased rapidly, 
along with the decreasing of expected annual harvest. Thus, within that range there was no conflict 
between landscape diversity and diversity of tree species or size.  Beyond a landscape diversity requi-
rement of 75%, tree size diversity decreased slightly, but stayed near its level in an unmanaged forest. 
The expected annual harvest decreased till the landscape diversity requirement was 103% and then 
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increased slightly. Meanwhile, the maximum achievable species diversity decreased significantly, but 
stayed nevertheless above its level in an unmanaged forest, during which the expected annual harvest 
continuously decreased. 

Similarly, the highest achievable frequency of old-growth increased from zero to its highest possible level 
of 24% as landscape diversity was raised from 45% to 85% of its level in an unmanaged forest, at which 
point old growth frequency was near its level in an unmanaged forest. But the expected annual harvest 
decreased continuously. Beyond that, however, the frequency of old-growth decreased by four fifth as lands-
cape diversity increased to its highest level.  The expected harvest decreased to the lowest point when the 
landscape diversity was 97% and increased slightly as the landscape diversity requirement increased. 

The constraint on landscape diversity had little effect on timber productivity as long as it was under 
75% of its steady state level in an unmanaged forest. Beyond that, however, productivity dropped rapidly, 
and was cut by 2/3 when landscape diversity was at its highest possible level. The old-growth frequency 
continuously increased, from zero to 1.5%. Thus, there was a significant conflict between timber produc-
tion and conservation of old-growth. 

Other results
By using (8) without the goal variables Ds- and Ds+ we tried to maintain the distribution of stand states 

observed at the time of the last inventory.  There was no feasible solution. However we did find a solution 
that minimized the sum of the deviations of the distribution of stand states compared to the last inventory 
distribution, while keeping the expected species and size diversity, basal area and landscape diversity 
above their current levels. It produced 3.9 m3ha-1y-1 of sawtimber,  160% more than what the current 
policy would produce in the long run.  

DISCUSSION AND SUMMARY
What is an optimal management regime for a forest landscape? There is no single answer to this 

question, because forest owners and managers hold different interests and expectations. But a good 
answer must reflect the biological growth of the forest type, minor and major disturbance in the lands-
cape, desired levels of biotic components, and the harvesting of wood products (Franklin and Forman, 
1987). In this paper, we incorporated these components into a set of models, centered on Markov pro-
cesses, to determine management policies that best satisfied different objectives.   The models were 
applied to the mixed loblolly pine-hardwood forests in the South of the United States. 

Three types of disturbance were recognized: small-scale, high-frequency natural shocks, large-scale 
low-frequency catastrophic hurricanes, and harvests. Small-scale, high-frequency natural shocks benefit 
tree diversity in mixed loblolly pine forests (Zhou and Buongiorno, 2004). Hurricanes have a broad range 
of influences on species composition, structure, and natural succession (Myers and van Lear, 1998), as 
well as landscape patterns (Boose et al., 1994).  The present findings suggested that catastrophic hur-
ricanes reduced diversity of tree size and species but created a much more diverse landscape, as also 
found by Lin and Buongiorno (1998) for northern hardwoods. Catastrophic hurricanes generally remove 
all of the overstory, thus necessarily reducing tree size diversity. Boucher et al. (1990) find that survival 
of snapped-off pines is near zero after a very strong hurricane, inferring that shoot production capability 
of different species after clown loss may be a determinant for species survival. This helped to interpret 
the loss of species diversity in the loblolly pine-hardwood forest type by hurricanes. They also severe-
ly damage the understory (Myers and van Lear, 1998), preventing the development of stable climax 
ecosystems (Webb, 1958; Lugo et al., 1983; Boucher, 1990; Myers and van Lear, 1998), which explains 
the much lower frequency of old growth predicted by our model in the presence of hurricanes.  

Optimizing MDP models with and without constraints led to inferences about the trade-off between 
landscape diversity and other management objectives. There were three major findings. First, managing 
for landscape diversity also promoted tree diversity, but increasing tree diversity alone did not enhan-
ce landscape diversity. As shown in this study, a highly diverse landscape could be maintained while 
keeping the tree diversity near the achievable maximum, but maximizing tree diversity only, especially 
species diversity, would compromise a great deal of the landscape diversity. 
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Secondly, the opportunity cost of preserving a highly diverse landscape was high in terms of timber 
harvests, and vice versa. The unique pursue of a diverse landscape only allowed some gentle thinning, 
cutting off almost two thirds of the maximal harvest.  If the goal was only economic, the management 
plan would create a much less diverse landscape, as compared to the other policies. By increasing the 
preferred level of landscape diversity, the maximal harvest would decline rapidly. 

Moreover, promoting landscape diversity from low to medium level would benefit old growth as well. 
But beyond that, there was a conflict between conserving old-growth and maintaining diversity of lands-
cape. The policy that maximized the probability of old-growth led to a satisfactorily diverse landscape, but 
the probability would decrease significantly as we increased our expectation for diversity in landscape. 

The “best” management policy depended on the main concerns of the landowners or forest mana-
gers and how much they would be willing to pay in terms of their secondary concerns. If the highest 
landscape diversity was a must, without compromising much of the tree diversity, we lost in both old-
growth and economic interests. If a satisfactory level of landscape diversity, say, the level occurred in an 
unmanaged forest, was acceptable, we were always able to maintain very high tree diversity. Then forest 
landowners and managers needed to choose between old-growth conservation and economic interests 
to decide their “best” policy. 

In this paper, MDP has shown several advantages in managing for landscape diversity under uncer-
tainties. But limitations also existed, such as the compromise between the resolution of stand states and 
the solvability of the problems. Linking the decision on the stand state to harvesting a stand in practice 
was still not adequately straightforward. Future research would be also needed on considering the chan-
ging stumpage market and how this could impact the implementation of landscape management. 
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